characterised ternary Kloosterman sums modulo 4, leaving the cases K (a) ≡ 1 (mod 4) and K (a) ≡ 3 (mod 4) as open problems. In this paper we complete the characterisation using well-known theorems on Gauss sums and Kloosterman sums. We also give the number of elements satisfying these congruences.
Let q = p m , ζ := e 2π i p , tr(a) := a + a p + · · · + a p m−1 and χ be the canonical additive character of F q , i.e., χ (x) := ζ tr(x) . We define the Kloosterman sum for any a ∈ F q as K (a) := x∈F q χ x −1 + ax , where we let 0 −1 = 0. Our definition differs from the classical Kloosterman sum K (a) ( 
where F * q denotes the multiplicative group of F q . We will use K (a) in this paper as it is more natural for our approach. The following was given in [3] .
and at least one of t, 1 − t is a square,
and none of t, 1 − t is a square.
In the next section we will prove the following theorem which completes the characterisation modulo 4 of ternary Kloosterman sums. 
The result
In this section we let q = 3 m , ζ a primitive pth root of unity, η the quadratic character of F q , i.e.,
We also let the trace-0 hyperplane of F q and its cosets be denoted by
We define the set of (nonzero) squares and non-squares as
Obviously K (0) = 0. Therefore, for the remainder of the paper, we will assume a ∈ F * q . We will need the following simple lemma throughout the paper. We let #S denote the cardinality of the set S.
We will need the following celebrated result on quadratic Gauss sums (stated only for characteristic 3 here). A proof of it can be found in [10] .
Theorem 4. The following holds for quadratic Gauss sums:
In the following lemma we will find formulas for partial quadratic Gauss sums, i.e.,
(iii) For any m A 0 ≡ 2m + 2 (mod 4),
Proof. By Theorem 4 and by the fact that x∈F q η(x) = 0, we have
If m is even then η(−1) = 1 and η(x) = η(−x), hence,
Therefore,
The facts A 2 ≡ 3 (mod 4) and A 0 ≡ 2m + 2 (mod 4) are obvious. 2
The following lemma follows easily from [ 
Proof of Theorem 2
If a is a non-square or a = b 2 with tr(b) = 0 then by Theorem 1 (or by Lemma 3) K (a) ≡ 1 (mod 2). Therefore we assume a = b 2 with tr(b) = 0. Without loss of generality assume tr(b) = 1 (since H 2 = −H 1 and ζ 2 + ζ + 1 = 0). We have
Now (recall that tr(b) = 1),
(2) Combining Lemma 6 with (1) and (2) we get K (a) −3
Now we claim:
Indeed,
If m is odd then by Lemma 5(iii), we have
If m is even then by Lemma 5(iii), we have 4) ≡ 0 (mod 4).
Note that since tr(b) = 1, x − b = 0 for any x ∈ H 0 and by Lemma 3 the claim is proved. Now by (4), Eq. (3) becomes:
which proves Theorem 2.
Counts of elements
We want to count the cardinalities n 0 and n 2 of the sets N 0 := a ∈ F * q : K (a) ≡ 0 (mod 4) , So n 0 = #(H 2 ∩ NSq) and n 2 = #(H 2 ∩ Sq). We have therefore n 0 + n 2 = 3 m−1 .
Again,
which implies by Lemma 5(i) and (ii) that and neither of t, 1 − t is a square.
